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Q Theory of finite systems: second guantization

“Second quantization” formalism
systems of indistinguishable (identical) particles
We consider N Fermions in states {¢;,i = 1,2..., N}

Q Creation-annihilation operators

State of N Fermions

First quantization Second quantization
@il wia) s (W)
2 -
on(1) en(2) ... on(N) / \‘Statewithout
particles (vacuum)
/ \ aj “Creates” one particle in

single particle state ¥+

Labels : state, particle _ _
We avoid particle labels

For Fermions : {a}",a]} =0, {ak,a;} =0, {ag,a;"} = 6
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Representation using “occupation numbers”

In1,n9,...)

Ni =ajai, (nl,ng,...|Ni|n1,n2,...> = n;

Fermions: n; =0,1

O Operators in second gquantization

Arbitrary basis of single particle states {pq}

One body
N : L N2
1st quant. T = Zti ( for instance, kineticenergy T = 2 om )
i=1 =

2nd quant. T = Z (alt|B) atag = Ztaﬁ atag

afB o
k Jtaﬁ = /d?’r oo (7,m) L) pa(7,n)
Sum over all basis n=1l Y

N not used for the operator definition if the operator does not depend on spin
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Two body

N
1stquant. V = Z v;;  (forinstance, Coulomb potential energy)

i>j=1 v XN: e

/r’. .
i>j=1""

1 1
2nd quant. V = 3 Z (af|v]|yd) aj:a;cm% =3 Z Va6 agta;a(;%

afBvyo L{ g afBvo

Reversed ordering

Vagys = /d3T1d37“2 Pa(T1,m) e5(T2,m2) v(F1,72) ©q(F1sm)es (72, 12)
N2

Again: Sum over all basis
N not used for the operator definition

Justification: matrix elements with N particle states
are the same in first and second quantization
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O The“renormalized vacuum”

We are interested in matrix elements with a particular state of the N
particle system, the reference state or renormalized vacuum:

lv) =al...a3al |0) A

Ordered single particle states {¢1,€2,...,en,...}

Fermilevel ey = ep

et Il

Obviously, for Fermions it is
aglv) =0 si B>F (eg>ep)

a2§|v):() si 0<F (eg<cep)



- O

d “Normal” operator product

Annihilation or creation operators.

Is that in which operators that annihilate the reference state are on the right.
Each inversion “carries a minus sign”.

Examples:

a,B,v>F = N(aaag‘av) = —agaa%
S

a,8>Fyv<F = ./\/'(aaa,zgafy) = agaqa,a
\ T\

Expectation value with |v)

(WIN(ABC'...)lv) =0



- O

O Contraction of two operators

AB = AB — N(AB)
L]

A and B are creation or annihilation operators.
It is @ number (constant O or 1) due to the commutation rules.

It is always zero, except in two cases:

notation

- e -
aa0f =0ap (0,0 > F) e
| .
Other cases aaa}‘ —0 (a>F,3<F)
L
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O Expectation values

With the reference state

Since AB = AB + N (AB)
L

(v|AB|v) = (v|AB|v) 4+ (v|IN(AB)|v) = AB
L L

/

/ N J
A
a number Zero
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d Wick theorem
The expectation value with the reference state |v) of an arbitrary product
of creation and annihilation operators is equal to the sum of all combinations

fully contracted in pairs.
Conditions for a non vanishing expectation value:

A .- Equal number of creation and annihilation operators

B.- Equal number of creation and annihilation operators above and below
the Fermi level
C.- Each ’crossing of contractions’ carries a minus sign

Examples

One bOdy |T|U Ztaﬁ |a CLﬁ|’U Ztozﬁ 5046 — Z Lii

1< F

=) <Z/d3'f 5 (7,m) t(7) %(W))
i<F \

If operator does not depend on spin
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Two body
1
OIVIY) = 53 vaps ((vlatafasa, o) + (vlafatasa,|v))
By L | |
<
= 5 Z Vagys (—0as 557 + 5067 565)
a675
1 .
5 Z (Uij/,;j — Uz’jjz’) (dlrect-exchange)
i, j<F
F
= Z (vijij — Vijji) (pairs)
i>j=1

F
= ) (Y/dgﬁdgw i (T1,m) @5 (T2, m2) v(71,72) wi(T1, M) e;(T2,12)

1>7=1 \mim2

N Z/d37“1d3?“ w; (T1,m) @ (T2,m2) v(71,72) ¢J(T17n1)90z(r27772)>

nin2
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U Hartree-Fock equations

They determine the single particle states {¢x, vx, k =1,2...}
Variational method

(v|H|v) minimal with respect to basis variations

Hamiltonian
2 bodies
_ _ 1 body
1st quantization N 9

HO — Z h(’l,) h = g—m + vext(F)
=1
N

V=> u(j)

i>ji=1

Example, the atomic Hamiltonian

—2 57 N 0
e

i e
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Variational principle (Rayleigh-Ritz)

(v| — (v| + (dv|  variation

(v[H|v) WwtovlH) (i) | (OvlH]v)
(v[v) (v+dvjv)  (vfv) + (dvv)  (v|v) + (dv]v)
_ (w[Hv) (o (0v]v) (Ov|H|v)
{ wl} = 0 G+ ) om0
(vV|Hlv) = F
= FE + (6v|H — E|v)
Stationary oL

JE=0 = (v|[H—-Elv)=0 = (H-E)v)=0

Diverse forms for |v) and for |dv) give rise to different theories



The Hartree-Fock method

O
| The Hartree-Fock method |
(6v|H — Elv) =0

1
H = Z hag a;rag + 3 Z VaB~6 aj);az;a(sa7
af afBvo

lv) =al...a3al |0) -

6v) ~ ata;lv) (m>F,i<F) S€t o_f_particle-hole
transitions

Note that  (6v|v) = (v]|a; an,|v) =0
(0ov|H — Elv) =0 = (6v|H|v) =0

1
Zhag (vlaf amatag|v) + 5 Z VafB~s <v|ajamaj;a§a5a,y|v> =0
af afBvyé
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Zh(w vlaf anal taglv) + = Z Va6 (v]a; a,ma+a,ﬁa5a,y|v> =0
afb | L | Oéﬁ’WS - -

I ey
[
| = |
Z h'ozﬁ zﬁéma"l' Z 'Uozﬁ'ycs zé(sma(sﬁfy + 57,55771[35047 + 527577104565 — 5 6mﬂ5a5> =0
aﬂvé
1 F
himi + 5 ; ~VUpntti + Vemti + Umtit — Vtmit) = 0

hmi + Z (Umtit — Umtti) =0
t=1
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F
Hpp=h+ Z Z (’Uatﬁt — Uattﬁ) ) (0]

Rewrite, defining

af t=1

F
Pomi + Z (Uimtit — Vmeti) = 0 — (m|Hgpli) =0

t=1

Natural choice: HF basis of orbitals (™)) = (n|k)

HF equations

diagonalizes Hur

F
hl|k) + Z Z (Vatkt — Vattk) |) = e |k)
a t=1

Does not connect
particle states with

hole states
A o o
E —O0— F,cSF
o
[ S
—o— 2,&2
—o— 1,¢&,



"

F
h|k) Z Z Vatkt = Vattk) |) = €k|k) A

gt || 1

_ F E Fiep
- HFeigenvalues | _ (k|h|k) + Z Ukt — Ukttk)
(single particle levels) 1 2,9
1,81
F 1 F
Total energy of E, = (v|H|v) (k|h|k) + = (Vktkt — Vketk)
HF state for N ;; 2 k;,ztzjl
particles r ja
(reference) Z

e
I

—_

E ”Uk:tkt — Ukttk)

k,t=1

l\Dlr—\




