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O RPA theory

Random-phase approximation (historical name!)
Improves on TD theory

Sum rules

More sophisticated ground state

QO ‘Equations of motion’ for the harmonic oscillator

Creation-annihilation operators for phonons: Oj, O
H =Y hwyOf0,
A

Bosonic commutator [0, OF] = 0y,  [Ok,0x] =0, [OF,0f]=0
Operator equation [H,07] = hw)Of | Determines the full spectrum!
Vacuum for phonons |0) H|0) = FEy|0)

A phonon O |0) HOY|0) = (OF H + hwy O |0) = (Ep + hwx)OF|0)

condition of phonon vacuum OA|0) =0, VA
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[H, O;\_] = thO;f — [50)\, [H, O;\}_]] = th[CSOA, O;\_]
J
variation

Define the symmetrized double commutator

00y, H,OF] = % {[[60x, H],OY| + [60,[H,OF]] }

Using results (exercise)
[[5())\7 H], O;\F] = [5O>\’ [, O;\FH + [[5())\7 O;\F]v H}

(0[ [[60, H], O] |0) = (0] [00x, [H, OY]] [0) + (0] [[60x, O], H] |0)

—

V

ih%<0|[5OA,O;L]|0> =0

We get to

60y, [H,OF]] = hwa[60x, 0] = | (0][60x, H,O0}]|0) = hw,(0[[§0x, OF]|0)

Equations of motion
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O Theories of excitations for Fermion systems

Bosonic excitations
Based on the equations of motion of the harmonic oscillator

(#1[00x, H, OX]|¢) = hwx (][00, OY]]9)
Approximation for the groun

state of the Fermions,

Vacuum of boson-type excitations

Creation of boson-type excitation A

variation
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0 The RPA

Eq. of motion  (¢|[00x, H, OY]|¢) = hwx(4|[00x, OY]|¢)

S
¢) = [v) 5
o \
Of = Z Yoi(\) ata; — Zni(N) aj’an energy
< nj . J
Y

Annihilates over F and creates below F.
Correlations in reference state

_ 00 = {af ay, Vmi, a) a; Vmi}

Y Gllaf am, B, afajllo)Yo; — (llaf am, H, af an][v) Znj = fon Y (llaf am, af ajllv) Ve

—(U\[ajam, ata,)|v)Z,;

i

D> (llahas, H atajllo) Vs — (vllafai, B, af anl[v) Zn; = hws ) {vllafai,ataj]|v) Yoy

—(vllanai, af an)|v) Zn;
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We can rewrite

Z (AmZ,TLJYTLj + Bmz,ann]) = thsz
nj

Z ( :fb’i,annj + A':”Li,annj> =  —hwxZm;
nj

Umjin — Umjni

!

Aming = (llaf am, Hyatajllv) = Smndijemi + Dmjin
Bmi,nj — _<U|[a’7—jl_am7 Ha ajan]|v> — @mnz’j
\
Umnij — Umnji
Symmetries: Aming = Apjmi: Hermitian

Bminj = Bnjm: Symmetric
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The RPA eigenvalue problem

( Amlil,mlil s ) ( Bmlil,mlil ce ) Yl()‘)

_( B:,Llilfrnlil o . ) _( A;’kn]_i]_,m]_i]_ .« .. ) Zl(A) B

(5 ) (20 )= (20

non Hermitian matrix

Not guaranteed that eigenvalues are always real
Instability

For B=0 we recover Tamm-Dancoff
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O Properties of RPA solutions

(i) Solutions come in pairs

(o ) (2 )= () = (B ) ()= (5

‘Mathematical’ property
Physically meaningful only those solutions with aw > 0
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(i) Orthogonality and normalization

B e

mi
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(iif) Quasi-boson behavior of excitations

Of = Yo;(N) ata; = Z;(N) af ay O =D _Yui(k) afa; = Zu;(k) aj an

nj nj

wliow, 03 = ( Y+ =20) ) (73] ) = o
wliof,0flle = ( =Yk 2k ) ) ) =0
(v][Ok, Oxllv) =0

The RPA ground state |Vrpa)

Excitations |\) = O |vgpa)

Vacuum condition Ox|vgpa) =0 VA

Orthonormalization

(k|X) = (vrpa|OkOT |urpa) = (vrpA|[Ok, O llvrpa) = (v|[Ok, O 1]|v) = 6k
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(i) Transition matrix elements

1-body operator W = " waga ag
af

(AW vrpa) = (vrpa |OAW |vrpa) = (VrpPA|[Ox, W]|URPA)

~ (v][Ox, W) = Y (Y swimi + Zywinm)

mi

Spectra (absorption)
(AW [vrpa) |

»
»

Intensity

‘ »

huw energy
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O Schematic RPA model

Separable interaction

N
Istquant. V. = —x > Q>H)Q())
1,J=1

RPA Eq AY + BZ = hwY with Ami,nj = (fmn&jsmi + @mjin

~B*Y —A*Z = hwZ Bminj = Umnij
Approximate @mjz'n X Umjin = —X sz Q;:]

@mnij ~  Umnij — —X sz an
(Emi — hw)Ymi — X Qmi Z (Q:]Ynj + anan) = 0

—) &

nj
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N = X Z (Q:,] Ynj + an an)
nj

Define

(g’mi - hw)Ymi — X Q'rm Z (Q:Ljyn] + anan) = 0

nj

(Emi + hw) Zmi — X Qi Z (Q;kzjynj + anan) =0

nj

Normalization

Trascendent equation
N=x X

=) <

f

.

Emi — hw
Emi + hw

Z (lymi|2 - |Zmi|2) =1

mi
:jNan 4 ;kszan
<\ €pj — Iw Enj + hw
nj
22 |an|2 €nj  _ l Equation fixing the
> ez — (hw)?  x excitation energy hw
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The graphical resolution
Assume for simplicity there are only 3ph pairs {e,;} = {€a,€p,c}

|Qn]|2 % 1
22 )2 - Y

Z |Qny|2 5ng

Attractive interaction
Collective low energy state
(magnons)

Stability?

1
— >0
X

> hw

/

1
— <0
X

Repulsive interaction
Collective high energy
state (plasmon)
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Fully degenerate case

HF levels = ynoccupied
>
o :
o Emi = € Vmi
LL

occupied

hw)* X

|2 e 1 2 _ 2 |2
225‘21’(59 -l = (w) = 2><e§jj\@m| <
nj n n

[ Tamm-Dancoff J =) (w)’=e-2xe ) Q>+

nj

In the schematic model we find hwrpa < hwTp

(" Attractive int.
X>0=hw<ce

Repulsive int.

X <0=hw>c¢

2

X D 1@nsl?

nj



